We obtain exact analytic solution for the Green functions and survival probabilities of the reversible, geminate diffusion-influenced reaction AϩB↔CϩD in Laplace space, and in the time domain for various spatial dimensionalities. The asymptotic behavior ͑in one and three dimensions͒ goes as t Ϫ1/2 , like in the irreversible case, but approach to this limit may occur from either above or below. The implications of these results are demonstrated and discussed.
I. INTRODUCTION
Recently there has been intensive activity regarding the many-particle effect on the transfer reactions, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] AϩB
A, B, C, and D may be different chemical species, and therefore we call this class of reactions the ''ABCD reaction.'' It may depict energy or atom transfer in solution, enzymatic turnover or collision-induced isomerization. In contrast to these extensive theoretical efforts, there appears to be a lack of ͑a͒ accurate simulations, and ͑b͒ an exact solution for geminate partners. The present work derives the exact geminate solution ͑which is identical for both reactions͒, in preparation for future simulations.
The situation for the reversible transfer reactions contrasts with that for the reversible binding reaction, AϩB↔C, for which there has been a continued effort of solving the geminate problem. [13] [14] [15] [16] [17] [18] [19] ͑Random numbers from these solutions were then used to propagate the many-particle Brownian simulations. [20] [21] [22] [23] ͒ Possible reasons could involve ͑a͒ the availability of experimental data for the geminate binding reaction, and ͑b͒ that the geminate solution for an initially bound pair ͑the state C͒ is a limit of the many-particle problem. In the many-particle treatments of the transfer reactions, the initial distribution is uniform in both directions ͑whether starting from AϩB or CϩD͒, and the geminate problem ͑for which one imposes a delta-function initial condition͒ is not a special limit of this general problem.
We begin by obtaining simple relations for the Green function in Laplace space as a function of that for no reaction ͑Sec. II͒. From these we obtain both the Green function and the reaction probability in the time domain for different spatial dimensions ͑Secs. III-V͒. We derive the long-time asymptotic behavior of the survival probability and demonstrate our solutions numerically. We also obtain the solution for a uniform initial distribution. The Discussion provides various physical interpretations for the mathematical results ͑Sec. VI͒. The Appendix compares our results with the solution of the chemical kinetic equations.
II. GENERAL RESULTS IN LAPLACE SPACE
Consider the two different states for the geminate transfer reaction: ͑1͒ when dealing with particles A and B, and ͑2͒ when these become C and D ͑or C and B͒, respectively. The distance between A and B ͑C and D͒ is r 1 (r 2 ), and it extends from the ͑''contact''͒ distance of closest approach, a 1 (a 2 ), to infinity. The relative diffusion constants in the two states may differ, D 1 and D 2 , respectively. The spatial dimension is d, and ␥ d ϭ4, 2 and 2 for dϭ3, 2 and 1, respectively. Thus, the diffusion operators in these two states are
and they describe the relative motion of the A/B ͑or C/D͒ pairs. Let us denote the probability densities of finding A and B at a distance r 1 by p 1 (r 1 ,t) and, similarly, p 2 (r 2 ,t) for the C/D pair. These functions must obey the equations,
transfer reaction to occur only at the contact distance. The p i 's obey a reflective boundary condition at contact, so that 
͑2.3͒
The probability densities ͑''Green functions''͒ obeying these initial conditions are denoted by p 1 (r 1 ,t͉x 1 ) and p 2 (r 2 ,t͉x 1 ). Of course, if the initial state is that of a C/D pair, the indices 1 and 2 should simply be interchanged in all of our equations. The above set of two coupled diffusion equations may be easily solved numerically, for example by the SSDP software. 26 A numerical result may not reveal trends in the behavior of the solution as would the analytic results derived below. However, it could be used as a test of our analytic solutions. As customary in diffusion problems, these shall be obtained using Laplace transforms, f(s)ϭ͐ 0 ϱ exp(Ϫst)f(t)dt. In the Laplace domain, Eqs. ͑2.2͒ can be presented as
.
͑2.4b͒
We continue by introducing the nonreactive Green functions G i (r,s͉x), satisfying the equation
͑2.5͒
with the reflective boundary condition at contact ‫ץ‬G i (r,s͉x)/‫ץ‬r͉ rϭa i ϭ0. Introducing these functions into Eqs. ͑2.4͒, one finds that
Setting r 1 ϭa 1 in Eq. ͑2.6a͒ and r 2 ϭa 2 in Eq. ͑2.6b͒ we get
where
Finding p 1 (a 1 ,s͉x 1 ) and p 2 (a 2 ,s͉x 1 ) from this system and substituting into Eqs. ͑2.6a͒ and ͑2.6b͒ allows us to express the desired probability densities, p i (r i ,s͉x 1 ), through the reflective Green functions ͑2.5͒, as
In 
gives
Evidently, P 1 ϩ P 2 ϭ1/s. In particular, if x 1 ϭa 1 one obtains
Explicit results can now be obtained by inserting the known expressions for the reflective Green function, 24 and inverting the ensuing equations. This generalizes a similar program which has been carried out in the irreversible case for the radiation boundary condition, 27 and for the reversible AϩB↔C reaction. 16 
III. THREE DIMENSIONS

A. Laplace space
The reflective Green function in three dimensions is well known. 24 Its Laplace transform is
Here 
͑3.2b͒
where Ϫ Ϯ are roots of the quadratic polynomial appearing in the denominator,
͑3.3c͒
These Ϯ are real and positive, and they obey the identity,
͑3.4͒
In the equivalent diffusivity case they simplify considerably,
͑3.5͒
whereas ͱ Ϫ ϭ1.
B. Green functions in the time domain
Equations ͑3.2͒ can now be inverted, so that in the time domain,
where we have defined W͑x,y ͒ϭexp͑ y 2 ϩ2xy ͒erfc͑ xϩy ͒, ͑3.7a͒
erfc(z)ϭ1Ϫerf(z) is the complementary error function, and p 1 0 (r 1 ,t͉x 1 ) is the well-known 24 Green function for free diffusion with a reflective boundary condition at 1 ϭ0, that can be obtained by inverting Eq. ͑3.1͒. Figure 1 demonstrates Eqs. ͑3.6͒ in the equal diffusivity case for a 1 ϭa 2 and x 1 ϭ2a 1 . The initial delta function broadens ͑full curves͒ and is partially absorbed at the boundary. The product density probability, p 2 (r 2 ,t͉x 1 ) emerges from the boundary and spreads to infinity ͑dashed curves͒.
C. Reaction and survival probabilities
To obtain the survival or reaction probabilities, P 1 (t͉x 1 ) and P 2 (t͉x 1 ), one can integrate the above Green functions over r i . Alternately, we obtain the reaction probability from the Laplace space result, Eq. ͑2.10b͒, which becomes
͑3.9͒
Inverting, we find that
where the ultimate reaction probability is
Evidently, the survival probability is given by P 1 (t͉x 1 ) ϭ1Ϫ P 2 (t͉x 1 ). When the initial density is placed at the contact distance, x 1 ϭa 1 , Eq. ͑3.10a͒ reduces to
͑3.11͒
In the equivalent diffusivity case, our result reduces to
͑3.12͒
In the irreversible case, k 2 ϭ0, the survival probability P 1 (t͉x 1 )ϭ1Ϫ P 2 (t͉x 1 ) becomes a very well known result, e.g., Eq. ͑23͒ in Ref. 25 .
D. Asymptotics
The long-time asymptotic behavior for the reaction probability can be calculated from the Laplace transforms, or directly from the time-domain results presented above. From Eq. ͑3.10a͒ one finds
͑3.13͒
The approach to the asymptotic limit is from above if
͑3.14͒
and from below in the opposite case. Transition occurs for equality in Eq. ͑3.14͒, which can be presented in the form:
If the right-hand side is larger then approach to equilibrium is from above, which implies that the reaction probability has a maximum. This occurs for 2 Ͼ 1 or, if a 2 ϭa 1 , when D 1 ϾD 2 . In the equivalent diffusivity case, 2 ϭ 1 , the approach to the asymptotic limit is monotonic from below. The ͑normalized͒ reaction probability from Eq. ͑3.11͒ is demonstrated in Fig. 2 , for a pair initially at contact and varying D 1 . Since we set a 1 ϭa 2 ϭx 1 , the condition for the transition in Eq. ͑3.15͒ reduces to 1ϩk D 2 /k 2 ϭͱD 1 /D 2 . For the parameters chosen, the transition occurs when D 1 ϭ1.44•10 Ϫ5 cm 2 /s. For smaller D 1 there is monotonic increase of P 2 (t͉a 1 ) to its equilibrium limit, P 2 (ϱ͉a 1 ). However, for larger D 1 , the reaction probability goes through a maximum before approaching the ultimate equilibrium limit.
When D 1 Ͼ1.44•10 Ϫ5 cm 2 /s, one expects to observe a transition for x 1 Ͼa 1 . This is demonstrated in Fig. 3 . For small x 1 the reaction probability is seen to go through a maximum. As x 1 increases, P 2 (t͉x 1 ) rises with a delay and its maximum disappears for x 1 Ͼx 1 , where x 1 is a solution of Eq. ͑3.15͒. Figure 3͑b͒ shows the same behavior for the deviation from equilibrium. In agreement with Eq. ͑3.13͒, the approach to equilibrium in all cases obeys the t Ϫ1/2 law, except at the transition itself, when the leading term in the asymptotic expansion vanishes and the next order term goes as t
The normalized reaction probability for the ABCD reaction in three dimensions, given an A-B pair initially at contact and different A-B diffusion coefficients. Calculated from Eqs. ͑3.11͒ for the same parameters as in Fig. 1 , except that x 1 ϭ5 Å and D 1 ͑in 10 Ϫ5 cm 2 /s) varies as indicated. This result was also checked numerically using the SSDP software ͑Ref. 26͒.
Thus the asymptotic behavior for the AϩB↔CϩD reaction resembles the irreversible one ͑which follows a t Ϫ1/2 law 25 ͒ rather than the t Ϫ3/2 behavior of the reversible AϩB↔C reaction. This is understandable, because the products CϩD which are born at contact separate by diffusion. As they separate, the probability for the reversible process diminishes, so that asymptotically it becomes similar to an irreversible reaction.
E. Initial uniform distribution
One can use the above results to obtain the probability density for other initial distributions, by averaging the solutions from Eqs. ͑3.6͒ over the initial distribution. Of considerable interest is the initial uniform distribution for the AϩB reactants, p 1 (r 1 ,0)ϭ1 and p 2 (r 2 ,0)ϭ0. We denote the corresponding solution by p 1 (r 1 ,t͉eq1), p 2 (r 2 ,t͉eq1). A straightforward route for obtaining these densities is to integrate the Laplace space Eqs. ͑2.8͒ over x 1 , which replaces G 1 (r 1 ,s͉x 1 
where the ultimate probability densities are determined from
Approach to equilibrium in this case is described by an expression similar to Eq. ͑3.13͒. The solution in Eqs. ͑3.16͒ is demonstrated in Fig. 4 which shows p 1 and p 2 as a function of r 1 and r 2 at different times.
IV. ONE DIMENSION
The reflective Green function on the semiline in one dimension has a simpler form than in three dimensions. 24 Without loss of generality, we may assume that a 1 ϭa 2 ϭ0 and that rу0, xу0. Consequently, its Laplace transform is FIG. 3 . The reaction probability for the ABCD reaction for different initial separations of the A-B pair. Calculated from Eqs. ͑3.10͒ for the same parameters as in Fig. 1, except 24 Green function for diffusion with a reflective boundary condition at the origin,
that can be obtained by inverting Eq. ͑4.1͒. To obtain the reaction probability, one can integrate p 2 (r 2 ,t͉x 1 ) over r 2 , or else insert Eq. ͑4.1͒ into Eq. ͑2.10b͒, to obtain the Laplace transform,
͑4.6͒
Inverting this transform gives the reaction probability,
͑4.7b͒
In contrast to the three-dimensional case in Eq. ͑3.10b͒, here the ultimate reaction probability does not depend on x 1 . The long-time asymptotics of P 2 (t͉x 1 ) is
͑4.8͒
In contrast to the three-dimensional case in Eq. ͑3.13͒, approach to the asymptotic limit here is always from below.
The solution for an initial uniform distribution of the AϩB reactants is given by
͑4.9b͒
This result is demonstrated in Fig. 5 which shows both p 1 ͑top͒ and p 2 ͑bottom curves͒ as functions of r 1 and r 2 , respectively, at different times. In this example, k 1 ϭk 2 and therefore 1Ϫ P 2 (ϱ)ϭͱD 1 /D 2 P 2 (ϱ), so that both densities approach the same final uniform density ͑dashed-dotted line͒. When D 1 ϾD 2 , p 1 approaches the asymptotic limit faster than p 2 . At r 1 ϭr 2 ϭ0, both densities approach their ultimate limit already at early stages, but at larger distances this occurs on a much slower time scale. Asymptotically this is due to the term r i /ͱD i t, cf. Eq. ͑4.8͒, so that at short distances and long times p i is linear in r i .
The total population transferred to the CϩD state by time t is
2 t ͒erfc͑ 0 ͱt͒͒ ͔. ͑4.10͒ Figure 6 demonstrates this result for different reactivities.
For highly reactive pairs ͑large 0 ) P 2 (t͉eq1) grows as ͱt from the onset, whereas for less reactive pairs there is a delay before this long-time behavior is obtained. , and 17500 ns. The ultimate probability profile for both cases is the dashed-dotted line. The diffusion constants are the same as in Fig. 4 , whereas a 1 ϭa 2 ϭ0 and k 1 ϭk 2 ϭ10 ns Ϫ1 . This figure was prepared within the SSDP software ͑Ref. 26͒, which was also used to check the results numerically.
V. TWO-DIMENSIONAL ASYMPTOTICS
Diffusion in two dimensions is typically unique, showing different behavior than in one or three dimensions. Yet it is not without physical interest, particularly when reactions on surfaces are considered. One famous example is the lateral proton diffusion along the surface of biological membranes, which may be pivotal for understanding chemiosmotic proton fluxes in energy transduction processes within the living cell. 28, 29 To address this question, Gutman et al. have studied geminate proton-base recombination for a photoacid trapped in the interbilayer space between phospholipid membranes. 30, 31 This two-dimensional geometry could also be applied to the exchange ͑ABCD͒ reaction, for which results in this section would be relevant.
In two dimensions we find that the reflective Green function has the form,
͑5.1͒
where i min ϭmin(x,r)/a i and i max ϭmax(x,r)/a i . K n (z) and I n (z) are the modified Bessel functions of integer order. Applying the identity
we find that
͑5.4͒
The latter was used in previous diffusion problems. 32 Let us denote by ␣ i ϵk i /k D i where, in two dimensions, k D i ϵ2D i . For simplicity, set also f i (s)ϵͱs i K 1 (ͱs i ). Then the Laplace transformed reaction probability in Eq. ͑2.11͒ for an initial contact state becomes
͑5.5͒
Unfortunately, it is not possible to invert this transform analytically. However, one can find its asymptotic behavior. For small z, K 0 (z)→Ϫln z and zK 1 (z)→1. 33 Substituting f i (s) ϳ1 and 2K 0 (ͱs i )ϳϪln(s i ), one finds that for small s,
where, in this case,
To invert Eq. ͑5.6͒, one may use the Tauberian theorem 34, 35 to prove that asymptotically, for large t, the Laplace inverse of (s ln s) Ϫ1 goes as Ϫ1/ln t. Therefore, in the time-domain we get
͑5.8͒
This result is demonstrated in Fig. 7 . Since A changes sign when ␣ 2 ln( 2 / 1 )ϭ2, there is a transition also for the twodimensional case. It is indeed seen in the figure that while for small D 1 the reaction probability increases monotonically, for the larger D 1 value it goes through a maximum prior to the final approach to equilibrium. What characterizes the two-dimensional case is that this approach, being logarithmic ͑dashed curves͒, is extremely slow. Thus even after 10 orders of magnitude in time the equilibrium limit ͑dotted lines͒, P 2 (ϱ), has not yet been reached.
VI. DISCUSSION
The ABCD reaction discussed in this work represents a general reversible transfer reaction in solution, such as energy transfer ͑AϩB*↔A*ϩB͒, 2 or atom transfer ͑AϩBC↔ABϩC͒. It is also a simplified version of a catalytic or enzymatic reaction, 12 of the type EϩS↔EϩP. Here the enzyme E is unchanged while a substrate ͑S͒ is converted into a product ͑P͒. The reversible Michaelis-Menten scheme, EϩS↔ES↔EϩP, reduces to it for small ligand concentrations.
Most of our work was devoted to obtaining an exact analytic solution for the geminate problem, when a reactant A-B pair is initially at a given separation r 1 . The fundamental solution is the Green function for Eqs. ͑2.2͒, which depicts the probability density profiles for the reactant and product pairs. While these profiles are not likely to be observed experimentally, they assume a pivotal role in an algorithm for solving the many-particle case of diffusioninfluenced reactions. [20] [21] [22] [23] Thus the availability of Green functions for the ABCD reaction will enable us to write the computer code necessary to perform detailed Brownian simulations, which so far have been pursued only for the AϩB↔C reaction.
The kinetically relevant attributes are the survival and reaction probabilities, given by the spatial integrals of the fundamental solutions. We have analyzed the behavior of the reaction probability in one, two, and three dimensions by deriving analytic expressions ͑in one and three dimensions͒ and obtaining their asymptotic expansion. This behavior differs from the previously analyzed AϩB↔C reaction. In the latter case, the ultimate fate is always dissociation into an AϩB pair, where the probability of observing the bound C state decays at long times as t Ϫd/2 , where d is the spatial dimensionality. [13] [14] [15] [16] [17] [18] [19] The geminate ABCD reaction always approaches an equilibrium limit, with nonvanishing probabilities for both reactant ͑AϩB͒ and product ͑CϩD͒ states. The approach to this limit, in both one and three dimensions, obeys a t Ϫ1/2 law ͑whereas in two dimensions it is an ''ultraslow'' logarithmic behavior͒.
This asymptotic behavior for the AϩB↔CϩD reaction resembles the irreversible one. Indeed, as the product pair CϩD separates, the probability for the reverse reaction diminishes, so that asymptotically it becomes similar to an irreversible reaction. In the limiting case of equivalent diffusivities the solution is identified as a ''dressed irreversible'' solution, cf. Eq. ͑3.12͒. It can be obtained from the irreversible one by replacing k 1 
It is thus not surprising that in this limit an exact solution for the many-particle case exists as a dressed irreversible solution. 5 An interesting behavior of the reaction probability in two and three dimensions is revealed by the asymptotic analysis. The approach to equilibrium undergoes a ''kinetic transition.'' It is monotonic for small D 1 /D 2 or large x 1 /a 1 . However, at some critical value for these parameters it becomes nonmonotonic, going through a maximum prior to the final approach to the limiting equilibrium plateau. Thus, although the geminate problem can be easily solved numerically ͑e.g., by the SSDP application 26 ͒, the analytic analysis of the type performed herein could reveal such trends and transitional behaviors.
Finally, we have also obtained analytic solutions ͑in one and three dimensions͒ for an initially uniform distribution of A-B distances. In the three-dimensional case this may represent a catalytic site ͑enzyme, metal nanocluster, etc.͒ which converts reversibly a uniform concentration of substrate molecules into products. The solution in Eqs. ͑3.16͒ is relevant for sufficiently low substrate concentration in the MichaelisMenten scheme, when the catalytic site does not saturate.
In one dimension, Eq. ͑4.9͒ can also be interpreted as a solution of a membrane permeability model. As shown in Fig. 8 , the distances r 1 and r 2 may be understood as the normal distances from a planar membrane in the positive and negative directions. Concomitantly, D 1 and D 2 are the diffusion constants for the molecules under consideration on either side of a membrane, whereas k 1 and k 2 represent the rate constants for crossing the membrane in either direction. Such membrane permeability problems are seminal in cellular biophysics ͑e.g., Secs. 3.6 -3.8 in Ref. 36͒. The present results may prove useful in analyzing time-resolved data for membrane permeability, either through the lipid bilayer or via protein channels. 
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APPENDIX: A CHEMICAL-KINETIC MODEL
In this Appendix we consider the simplest chemicalkinetic model which mimics the transition into the nonmonotonic approach to equilibrium observed in the solution of the reaction-diffusion equations ͑2.2͒. This can be achieved by a reaction scheme in which each step is subdivided into two substates, of fully separated and ''contact'' pairs,
The contact-pairs form and separate by diffusion, with corresponding rate-coefficients k D i Ј , whereas they interconvert with the intrinsic chemical rate-constants, k i Ј . The primes indicate that the corresponding unprimed rate constants used in the sequel are now divided by an appropriate volume factor ͑e.g., ␥ d a i d /d for dу2). Starting from the contact substate A¯B, we seek the total probability of being in the product state, ͓C¯D͔ϩ͓C ϩD͔, which is denoted, as before, by P 2 (t͉a 1 
͑A3͒
Inverting Eq. ͑A2͒, we obtain
This resembles the analogous result for diffusive kinetics, Eq. ͑3.11͒, with exponentials instead of error-functions. In particular, the ultimate reaction probability is identical in both cases, 
